Abstract. Using an integral representation of the Hermite polynomial and then Gaussian quadrature, very accurate representations are obtained for exp(-z2), erf(z), and arcsin(z).
Introduction.
In many areas of applied mathematics, including numerical evaluations by computer and in pharmacokinetic model building, it is useful to have accurate representations of functions in terms of sums of exponentials, sines or cosines. For example, Bellman et al. [2] recently expressed exp(-z2) as a sum of exponentials based on differential approximations. In this paper, very accurate representations for exp(-z2), erf(z) and arcsin(z) are obtained and compared to exact results for 0 ^ z ^ 1. The formulas, however, are valid for all real z.
In each case, the elementary function is expressed as a Gaussian integral in which the integrand contains the function exp(-x2) and the limits of integration are either (0, oo ) or (-oo, oo ). These representations are special cases of the more general result in which Dutt [4] expressed the general multivariate normal probability integral as the sum of Fourier integral transforms involving multivariate normal characteristic functions. and Hen(x) is the nth degree Hermite polynomial
From the integral representation of the Hermite polynomial [1] , an integral representation of the tetrachoric function rm(x) is obtained as
To obtain the integral representation for exp(-z2), equate relations (2.1) and (2.3) for m = 1 to obtain exp(-x2/2) = (2/ir)1/2 / exp(-s2/2) cos xs ds.
«0
The setting of z = x/\/2 and u = s/V2 yields the desired integral expression for exp(-z2),
This, of course, is the well-known relation between normal probability density and characteristic function. Next, for erf(z) recall first the definition [1, p. 297]
The substitution of (2.4) into the integrand of (2.5), followed by a permissible interchange of order of integration and then integration with respect to t, gives the desired complete integral form for erf(z),
Finally, the complete integral representation for arcsin z was obtained by Childs [3] by application of Parseval's theorem and by Dutt [4] using the integral representation equation ( The numerical values of all three functions for 0 ^ z ;£ 1, along with the corresponding errors, are listed in Table 1 . Table I The Calculated Values of exp(-z2), erf(z) and arcsin(z).
eq(3.2) E X 10"« N eq(3.3) E X 10"6 N arcsin(z) eq(3.4) E X 10"« . 4. Discussion. Very accurate approximations (almost 8 significant digits) are obtained for exp(-z2) and erf(z) in 0 g z g 1, using no more than N -5 terms. For arcsin(z), in general, higher values N are needed for accurate results. Indeed, this arcsin representation breaks down in the neighborhood of z = 1, since the value z = 1 corresponds to a unity correlation coefficient in the bivariate normal distribution. Such a distribution which has a singular correlation matrix is commonly termed a singular normal distribution [6] .
Complete integral representations are already well known for certain other functions. The integral representation of /", the modified Bessel function, in j -1, 1 j can be useful to obtain approximations for the distribution of noncentral chi square. A past result involving I0 might be of interest [5] . Complete integral representations and corresponding numerical approximations can also be obtained for the bivariate distributions of chi square and F. 
